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even in the process that uncovers him. Verily "His ways are not 
like our ways." 

It is true that we have a chapter of civilization built upon this 
infinite of geometry, a static stage marked by permanent separations 
of classes. But it is equally true that civilization has passed beyond 
this stage. And so the infinite has a career. There is an evolution. 
Reality is infinite; reality is also absolute. Further, reality is uni- 
versal. And so it appears that philosophy has a task of its own. 
Philosophy is not ungrateful to mathematics. But it regards the 
work of mathematics as quite preliminary, hardly more than that 
of Columbus, so far as its own problem is concerned. 

H. H. Williams. 
University of North Carolina. 



INFINITY AND THE PART-AND-WHOLE AXIOM. 

DEFINITIONS OF THE FUNDAMENTAL ENTITIES OF GEOMETRY. 1 

The definition of infinity as endlessness, or as a quantity that 
is greater than any assignable finite quantity, is given in all the 
text-books on elementary mathematics with which I am familiar, 
and, so far as I know, was the only one used in this science until 
Cantor introduced his theory of transfinite numbers. Thus defined, 
the term is perfectly intelligible and in accord with common sense, 
because every intelligent person is familiar with the fact that every 
magnitude is divisible, at least mentally, into an endless number of 
parts, or can be increased to any other magnitude by adding to it 
other magnitudes of the same kind, and the human mind cannot 
conceive how either of these processes could be brought to an end, 
even if it were continued to all eternity. 

Modern mathematicians, however, claim to have reasons for 
being dissatisfied with this simple definition, and are defining in- 
finity in a manner that not only is not simple and perfectly intelli- 
gible, but, so far as I can see, violates Euclid's ninth axiom which, 
in accord with common sense, proclaims that the whole is greater 
than its part. Thus, the author of the article on "Number" in the 
Encyclopedia Britannica (11th edition, Vol. XIX, p. 847), defines 

1 The material of this article will be embodied in a chapter of a book on 
"Science, Truth, Religion, and Ethics" which I am preparing for publication. 
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an aggregate as infinite when it is equivalent to a part of itself, de- 
fining equivalence as a one-to-one correspondence between the ele- 
ments of two aggregates. Equivalence in this case means, there- 
fore, equality of the number of elements in the whole and in the 
part. In plainer words the new definition is given by Prof. C. J. 
Keyser (The New Infinite and the Old Theology, pp. 49-50) as fol- 
lows: "The concept of infinity... .is this: namely, a. .. .multitude 
or an aggregate or a collection of elements. . . .is said to be infinite 

if and only if the collection contains a part, or a subcollection, 

that is numerically equal to the whole." Here the term equal again 
applies to the number of terms, or elements, in the whole and in 
its part. In this definition it is assumed that the number of elements 
in the part of the infinite aggregate is the same as in the whole of 
it, so that it is possible to arrange them in a one-to-one correspon- 
dence, at the same time assuming that the part contains less elements 
than the whole, since otherwise it would not be a part only of the 
latter. The first of these assumptions violates the part-and-whole 
axiom, while, taken together, the two assumptions contradict each 
other, and are therefore again contrary to common sense. 

The question then arises, What are the reasons for defining 
infinity in such a, to say the least, remarkable manner? In other 
words, Are there truths or facts that are inadequately covered by 
the old definition of infinity ? Or, in still other words, Are we really 
familiar with aggregates whose parts contain as many elements as 
the aggregates themselves? 

Before examining the reasons that are advanced for justifying 
a new and strange definition, it should be noted that the idea of 
endlessness of countable terms, or of being greater than any assign- 
able finite quantity, is entirely left out from the new definition, 
and that no special allusion is made to the implication that the 
numerical value of each of the elements should remain the same 
whether they are in the whole or in its part. Evidently the framers 
of the new definition deemed it unnecessary to emphasize these 
two requirements, considering them self-evident. But then an ag- 
gregate classed as infinite by the new definition is, by virtue of its 
being boundlessly large, also infinite according to the old definition, 
while what is finite in the old classification is also finite in the new. 
Hence ev£n assuming that the new definition is valid, its real value 
would consist in the supposedly valid claim that, when the number 
of elements in an aggregate is larger than any assignable finite num- 
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ber, its part is numerically equal to the whole. The old definition 
of infinity could therefore be left unchanged, merely advancing the 
claim that infinity possesses the remarkable ability of violating a 
common-sense axiom with impunity. We may, however, pass this 
criticism as mere quibbling about the wording of a definition. 

Admitting, then, that every infinite aggregate must contain an 
endlessly large number of elements, let us examine the reasons that 
are advanced for the inadequacy of the old definition of infinity. 
These reasons may be reduced to three (cf. Bertrand Russell, 
Scientific Method in Philosophy, pp. 155-208). 

The first reason is the relation between certain infinite series 
of numbers of which the following is the most commonly cited 
example : 

1, 2, 3, 4, 5, 6, 7, 8, 9, 10 n 

2, 4, 6, 8, 10, 12, 14, 16, 18, 20 2m 

The first series contains the natural numbers in succession, while 
under each of these numbers is placed its double. The number 
of numbers is evidently the same in both series no matter how far 
they are continued ; hence when n becomes infinite, i. e., larger than 
any assignable finite number, the number of numbers must also be 
the same in both aggregates. But since the top series, when con- 
tinued to infinity, should contain all natural numbers, both odd and 
even, while the bottom series contains only even numbers, the latter 
is a part of the former and the number of terms in it should be 
smaller. The number of numbers in the bottom row seems there- 
fore to be both equal to and smaller than the number of all num- 
bers. 

In this argument there are two fallacies. The first is the as- 
sumption that the upper series can be conceived as containing all 
natural numbers. Since the series consists of countable finite num- 
bers, and since every finite number may be increased by adding to it 1 
or any other finite number, the phrase "the number of all the num- 
bers of an infinite series" is an absurdity. As was pointed out 
above, for an aggregate to be infinite, whether in the new or old 
sense, the number of elements in it must be larger than any assign- 
able finite number. This implies the possibility of increasing the 
number of terms to any extent and the impossibility of construct- 
ing or contemplating ail of them. The sum of an infinite collection 
of terms may be a finite number, but the total number of terms in 
it is a meaningless phrase: if there were such a total number it 
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would be finite, and not infinite. The question whether or not there 
are so-called transfinite numbers lying beyond the range of the 
natural series is not involved in our problem, because, even if they 
existed, there is no bridge by which one could pass to them by 
traveling along the series of countable numbers. We are dealing 
with simple finite numbers, and the properties of numbers which 
may or may not have existence outside the domain of finite num- 
bers have no bearing on the latter. We must stick to our series 
of finite numbers, and must not introduce considerations of prop- 
erties other than those characterizing such numbers. 

The second fallacy consists in the assumption that, when con- 
tinued to infinity, the lower series will contain no other elements 
than those present in the upper, so that eventually it must become 
a part of the latter. Since it is not possible to compare individu- 
ally all the terms of an endless series, the only way one can tell 
what becomes of our two series as they stretch into infinity is to 
examine whether or not finite parts of the lower series exhibit a 
tendency to merge in the upper with the increase in the number of 
elements of the former. If this be done, it is readily seen that, 
while both series, when purposely arranged in the above manner, 
necessarily have the same number of terms no matter how far they 
are pursued, and while the number of terms common to both con- 
stantly grows the more elements we take, the number of elements 
present in the second but absent from the first series, also becomes 
greater and greater the further we advance. Thus, among the 
first six terms of the second series there are the three numbers 8, 
10, and 12 that are not to be found among the first six terms of the 
first. In the group of the first ten terms of the second series there 
are the five numbers 12, 14, 16, 18, and 20 that are absent from 
the group of the first ten terms of the first. In general, the greater 
the number of terms taken, the greater will be the number of ele- 
ments that are found in the second, but not found in the corresponding 
part of the first series. Since the presence in the second series of 
even a single element that is not present also in the first destroys 
the possibility of the former to be a part of the latter and since 
the number of elements that are present in the second series ex- 
clusively increases with the number of terms taken, the tendency 
of this series ever to get drowned in the first becomes smaller and 
smaller the further we advance. Hence the second series cannot 
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become a part of the first even at an infinite distance from the 
beginning of the two aggregates. 

Another argument. The lower series may be given the follow- 
ing form: 

2(1,2,3,4,5,6,7,8,9,10 »), 

showing that the sum of the second series is double the sum of the 
first for the same number of terms. Hence at infinity, too, this 
relation must persist. But if at infinity the second became a part 
of the first, the sum of the latter, when » becomes infinite, ought 
to have the greater value. 

Still another argument. The two series may be taken to repre- 
sent the manners of motion of two bodies starting to move from 
rest, at the same point, at the same time, and in the same direc- 
tion, the first with a uniform velocity of one unit of space per unit 
of time, and the second with a uniform velocity of two of the same 
units of space per same unit of time. The numbers in the top 
series will then represent both the numbers of units of time the 
first body has been in motion and the numbers of units of space 
it has covered during that time, while the numbers in the bottom 
series will give the numbers of the same units of space covered 
by the second body during the same time. To assume that at some 
position along the two series the second merges into the first amounts 
to assuming that, without changing their relative velocities and 
directions, both bodies will after a time be at the same distance from 
their common starting-point. But it is perfectly evident that the 
second body could never be overtaken by the first, that, on the 
contrary, the longer the bodies move the greater must become the 
distance separating them, so that even after an infinite time they 
cannot be at the same point. 

Finally, the assertion that at infinity the second series becomes 
a part of the first is at best based on an assumption, namely, on the 
assumption that there is a number expressing the total number of 
natural numbers, and on the basis of this assumption we come in 
conflict with a common-sense axiom. As the assumption is in- 
capable of proof, one may reverse the argument, and rely on the 
axiom for disproving the assumption. This is just what was done 
by Leibniz who, relying on the inviolability of Euclid's ninth axiom, 
used the very same two series given above for justifying his denial 
of the existence of a number of all natural numbers. As quoted 
by Russell (loc. tit.), the following are the words of this mathe- 
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matician : "The number of all numbers implies a contradiction, which 
I show thus : To any number there is a corresponding number equal 
to its double. Therefore, the number of all numbers is not greater 
than the number of all even numbers, i. e., the whole is not greater 
than its part." We have then the choice between a common-sense 
axiom and a mere assumption conflicting with each other. In my 
humble opinion, the choice is like that between the Rock of Gibral- 
tar and a bed of quicksand as foundation for a castle. 

Russell's attempt to answer the argument of Leibniz by re- 
placing "greater" by the phrase "containing a greater number of 
terms" is futile, because the number of all numbers indicates the 
total number of terms in the natural series, and, since the latter 
consists of both odd and even numbers, the number of terms in it 
necessarily is greater than the number of even numbers in it. In 
fact, the whole difficulty of the framers of the new definition is due 
to confusing the number of even numbers in the natural series itself 
with the number of even numbers purposely placed as a new series 
that is in a one-to-one correspondence with the numbers of the 
natural series. In the first case the even numbers really form part 
of the natural series, but their number obviously is only one half 
of the total number of terms in the series, no matter how far the 
latter is continued, while in the second case the even numbers form 
an independent series which, like any other infinite series of num- 
bers of things, may be arbitrarily arranged in a one-to-one corre- 
spondence with the natural series. In other words, if in forming 
the lower series we would use only the even numbers found in a 
given portion of the natural series, we would always have only 
one half enough terms to form a one-to-one correspondence with all 
the terms of that portion no matter how large the latter is ; in this 
case the number of terms in the part would be smaller than in the 
whole, as it should be. On the other hand, in order to get such 
a number of even numbers as would equal the number of terms 
in that portion, we would have to go outside the latter, so that the 
second series containing elements foreign to that portion would 
not be a part of it. The assertion that in the natural or in any 
other continuous endless series of numbers the number of elements 
is the same in the whole and in its part is therefore, so far as I 
can see, erroneous. 

The second reason for considering the old definition of infinity 
inadequate and for ascribing to infinite numbers a property that 
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violates the part-and-whole axiom, is the identity of the number 
of points in all lines, regardless of their lengths. This I show in 
the following manner : Draw two concentric circles, and assume that 
a radius common to both is uniformly moving, like a hand on the 
dial of a clock, along the two circumferences. Every time the 
radius touches a point on one circumference it touches another on 
the other, so that when the circuits are completed and the radius has 
successively come in contact with all the points of both circum- 
ferences, it has touched exactly the same number of points on both 
of them, and no point has been touched more than once. Hence 
the number of points in the two circumferences is exactly the same. 
But since the inner circumference is shorter than the outer, the 
former represents only a part of the latter, and the number of 
points in it should be smaller. But it was just proved that both 
circumferences contain the same number of points. Since every 
pair of lines, straight, curved, or broken, can be mentally converted 
into two concentric circles, the equality of the number of points 
holds good for all lines without exception. 

Usually the same proposition is proved as follows: From a 
point on one of the sides of a plane triangle draw a line parallel 
to the base. The part of this parallel within the triangle obviously 
is shorter than the base. Now assume that an infinite number of 
straight lines are drawn from the vertex to points on the base. 
Every one of these lines will intersect the parallel, so that the latter, 
though shorter than the base, must have the same number of points. 

That in this argument is hidden a fallacy somewhat akin to that 
of the famous paradoxes of Zeno can be readily shown. Suppose 
we assume inside the smaller circle an infinite number of concentric 
circles, one smaller than the other. The lengths of the concentric 
circumferences will continually diminish, the last one changing to 
a single point coinciding with the center. But since the number 
of points is the same in all the circumferences, and since the lengths 
of the latter decrease continuously, it ought also to be the same in 
the final circumference, which is a single point. We thus arrive 
at the absurdity that the number of points in all lines is both infinite 
and equal to 1. Similarly, we may assume within the above triangle 
an infinite number of lines parallel to the base. The lengths of these 
parallels within the triangle decrease continuously, the last one 
coinciding with the vertex, which is a single point. 

In order to answer this argument it is necessary to answer three 
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distinct questions: (1) Why is the number* of points in all lines 
infinite? (2) Why is the value of this number the same for all 
lines? (3) How can this number be the same for a line and for a 
center or a vertex? 

The first question is answered by considering the fact that lines 
have length, while geometrical points are by their very definition 
dimensionless. Representing the lengths of different lines by posi- 
tive numbers and the longitudinal dimension of a geometrical point 
by zero, the number of points in any line is given by the quotient 
obtained by dividing zero into a positive number, which quotient 
is always infinite. This shows that the point-and-line argument is 
entirely irrelevant to the problem of the validity of the part-and- 
whole axiom. The infinity of the number of points in all lines is 
not due to a peculiarity of certain infinite or transfinite magnitudes, 
but merely to the fact that lines occupy longitudinal spaces, while 
points do not. The only difference between lines that is involved 
in the case is a difference in length, a spatial difference, but since 
mathematical points need no spatial houses to reside in, their num- 
ber in a given line necessarily is as independent of the length of 
the latter as the number of thoughts or feelings one may have is 
independent of the size of one's head or the width of one's chest. 
If drops of water occupied no space, an infinite number of them 
could find room and to spare in a thimble. Does that violate the 
part-and-whole axiom? 

The answer to the second question is that the whole difficulty is 
due to an inadequate definition of the geometrical, or mathematical, 
point. Euclid's time-honored definition of a point is: A point is 
what has position but no magnitude. The definition contains two 
flaws. Its first flaw is that it fits many entities having nothing 
whatever to do with mathematical points, such, for instance, as the 
feelings of living beings and the numerous properties of things in 
general. Thus, one may say that whiteness and sweetness have 
position in white and sweet things but no spatial magnitude, since 
a grain of sugar is as white as a ton of it and several hundred times 
less sweet than a grain of saccharin. Similarly, love or hatred has 
position in the lover or hater but no -spatial magnitude of its own, 
since a midget may have a greater love or hatred than a brobding- 
nagian. 

The second flaw of the Euclidean definition of a point con- 
sists in that it fails to locate a single geometrical point in a given 
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part of space or on a given line. Since spaceless places are incon- 
ceivable, there is no room for a single mathematical point outside 
of space, while the moment it is provided with the latter it gets 
lost in it, the smallest conceivable part of space containing not one 
but an infinite number of mathematical points. In the case of feel- 
ings or properties their location is in the beings or things possessing 
them. A geometrical point, on the other hand, is not a property of, 
but a location in, space, and Euclid's definition does not provide 
a place for it. To be sure, there are entities needing no space at all 
for existence. Thus, the abstract ratio of two numbers and the 
relation of parentage between father and son exist without occu- 
pying any space, either of their own or of other things or beings. 
This, however, is due solely to the fact that such entities have 
nothing in common with space ; they could exist even in a spaceless 
world if such a world were capable of existing. But a mathemat- 
ical point is either situated in space or is inconceivable. How, then, 
shall we house a single geometrical point in space which, in accord 
with common sense, is compact, i. e., devoid of interstices? 

So far as I can see, the only way to overcome the difficulty 
is to define a point as follows: A point is an infinitesimal part of 
space which, for the sake of mathematical argument, is assumed 
to have shrunk to nothing, to a spatial zero, leaving a position just 
where the given part of space is assumed to have disappeared. A 
geometrical point is therefore the limit which a definite part of space 
or of a line approaches by gradually becoming smaller than any 
assignable extension. As long as the point has spatial existence, it 
is mentally divisible into the same infinite number of real parts as any 
line, surface, or solid, but when by agreement, for the sake of argu- 
ment, we let it die as a spatial entity, the part of space from which it 
originates and all the parts into which it is mentally divisible expire 
with it. The assertion that all lines have the same infinite number 
of points merely means that they are all divisible, at least mentally, 
into the same infinite number of real parts, each of which may be 
mentally, i. e., by agreement, be converted into a mathematical point, 
i. e., a position without magnitude. As a matter of fact, all illustra- 
tions going to show the identity of the number of points in lines 
of different lengths prove nothing more than that the lines are 
divisible into the same number of real parts of equal or unequal 
length. Thus in the above triangle the infinite number of lines 
drawn from the vertex to the base merely divide the latter and all 
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the parallels to it within the triangle into the same infinite number 
of real parts, and not into geometrical points, because no line, no 
matter how short, can be reduced to a mathematical point by ac- 
tual, even everlastingly continuous, division. Similarly, the radius 
moving along the above circumferences marks not mathematical 
points, but degrees, minutes, seconds, and real fractions of the 
latter, all of which are real lengths. The number of these is the 
same in all circumferences, but their lengths vary with the lengths 
of their radii. A radius progressing by mathematical points only 
would not move at all, because no number of such points, be there 
ever so many of them, would by addition give the smallest imaginable 
fraction of a degree. 

The answer to the third question is now obvious. As long as 
the parallels, the circumference, the vertex, and the center have 
spatial existence, they all contain the same endless number of real, 
at least mentally, measurable parts, but when for the sake of mathe- 
matical argument we kill the center and the vertex we kill with one 
stroke all their parts and all the lines coinciding with them. There 
is nothing in this description that makes a part of an aggregate 
contain the same number of the same elements as the whole, because, 
while the number of the latter is the same, their values in the part 
and in the whole are different. And there is nothing in the above 
definition of a geometrical point that would invalidate any propo- 
sition in geometry, since, in accord with this definition, the mathe- 
matical point is just what the mathematician wants it to be — a posi- 
tion without magnitude. The derivation of the geometrical point 
from real space would not impart to it greater spatial reality; it 
merely provides it with a location. 

It is hardly necessary to point out that, if the above definition 
of a geometrical point were adopted, a line could be defined as a part 
of space of such infinitesimal width and thickness that, for the sake 
of mathematical argument, it is considered to be unidimensional ; 
and a superficies as a part of space one of whose dimensions is so 
infinitesimally small that, for the sake of argument, it is considered 
to have only two dimensions. 

The third reason for finding fault with the definition of in- 
finity as merely boundless greatness consists in the supposed diffi- 
culties involved in the famous paradoxes of Zeno. Notwithstand- 
ing the fact that the fallacies of Zeno's arguments have been pointed 
out long ago, some philosopher-mathematicians still seem to be per* 
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plexed by these paradoxes. I shall therefore put the answer to 
Zeno's argumentation in a form which is, in my opinion, conclusive, 
and which, so far as I know, has not been used before. Since the 
essence of the difficulties is the same in all of these paradoxes, it 
will suffice to treat one of them. We shall pick out the problem of 
Achilles and the tortoise. As quoted by Russell (loc. cit, the para- 
dox is stated as follows: 

"Achilles will never overtake the tortoise. He must first reach 
the place from which the tortoise started. By that time the tortoise 
will have got some way ahead. Achilles must then make up that, 
and again the tortoise will be ahead. He is always coming nearer, 
but he never makes up to it." 

The answer is as follows: Achilles is admittedly capable not 
only of motion in a general way, but of motion with uniform veloc- 
ity. In other words, he is admittedly capable of covering the same 
space within the same time. In pursuing the tortoise he is therefore 
admittedly capable of progressing by whole paces. He may ad- 
vance by fractions of a pace if he likes or needs to, but he is not 
compelled to do so. Hence in going after the tortoise he will make 
pace after pace Until he is on the top of the tortoise. If Achilles 
attempted to perform the impossible task of counting the fractions 
of a pace, i. e., advancing first by one pace, then by one half of a 
pace, then by one fourth of a pace, then by one eighth of a pace, 
and so on, he would get no further than a trifle less than two paces 
from his starting-point, even if he kept on moving to the end of his 
days. Assuming the tortoise to be no further from Achilles than two 
of his paces, it could quietly lie down and, without the slightest fear 
of ever being captured by the Greek hero, "smilingly" watch him 
trying to verify the value of the sum of an infinite geometrical 
progression whose first term is 1 and whose ratio is 1/2. This may 
be illustrated as follows. Suppose you wish to measure the length 
of your room. You would get a yardstick and lay off the whole 
of it consecutively along the floor, finishing the operation, if neces- 
sary, with a fraction of the stick. But suppose you first laid down 
the whole of the stick, then one half of it, then one fourth of it, 
and so on, you would never cover the whole length of the floor, sup- 
posing its length to be no less than two yards, even if you lived to be 
a million times as old as Methuselah. Since Achilles is as free to 
advance by whole paces as you are free to advance by whole 
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yardsticks, he is bound to catch the tortoise. The problem of in- 
finity is therefore not involved here at all. 

The resume of this article is, that the essential meaning of in- 
finity is endlessness, or being larger than any assignable finite mag- 
nitude, that this should therefore be the definition of the term, that 
whatever other properties infinite aggregates may possess should 
be given as additional characteristics, provided it can be proved 
that these aggregates really possess such characteristics, and that 
no aggregate is at present known which contains as many elements 
of the same value in its part as in the whole of it. There can, of 
course, be no objection to assuming the existence of trans finite num- 
bers doing violence to our good old axiom, provided they are treated 
like the imaginary quantities of algebra, and provided such an as- 
sumption possess real merit in the theory of numbers. Whether or 
not this is the case, I leave it to greater specialists in mathematics 
than I am to decide. 

H. M. Gordin. 

Northwestern University. 



CURRENT PERIODICALS. 

In Scientia for April, 1919, W. E. Harper, of the Dominion 
Observatory, Ottawa, sketches the part played by the spectroscope 
in widening our astronomical horizon. He dwells upon the method, 
the new determination of the motion of the solar system through 
space, the discovery of spectroscopic binaries and their orbits, and 
the problems of luminosity. "The structure of the universe is the 
problem toward the solution of which many lines of research are 
contributing," and "probably from none of them may we expect 
more than from the spectroscopic, because the data regarding the 
physical constitution and the motions of the heavenly bodies are 
secured at once." — Evolution and sexuality is the subject of E. 
Rabaud's contribution to this number. He deprecates the predom- 
inance of the attention paid to the morphological aspect of questions 
which are much more appropriately concerned with the physico- 
chemical differentiations which cause the morphological change — 
differentiations which at times are almost ignored. After discussing 
the work that has been done up to the present on the genesis and 
nature of sexuality he proceeds to dwell upon what is known of its 



